Abstract. Let d be a squarefree integer. Does there exist four squares in arithmetic progression over Q(
Introduction
Non-constant arithmetic progressions consisting of rational squares have been studied since ancient times. While it is not difficult to obtain an arithmetic progression of three rational squares (e.g. 1 2 , 5 2 , 7 2 ), there are no four distinct rational squares in arithmetic progression as already stated by Fermat and proved by Euler (among others). However, the situation is different over number fields. It is easy to construct four squares in arithmetic progression over a quadratic number field; e.g. [7] in any finite algebraic extension of Q there can be at most finitely many arithmetic progressions of at least five squares. Recently Xarles [25] has proved that six squares in arithmetic progression over quadratic number fields do not exist. The case of length five over quadratic fields has been treated by the first author and Xarles [12] . In this paper we consider the following natural problem: Is there a non-constant arithmetic progression of four squares over Q( Table 1 The proof of the correctness of the table will be given in Section 5. We shall show that four squares in arithmetic progression lead to points on an elliptic curve. This approach is not new; it seems to be a folklore result, however, we shall provide our own parametrization of arithmetic progressions of four squares over a number field k by k-rational points on the modular curve X 0 (24). More precisely, there exists a non-constant arithmetic progression of four squares over a number field k if and only if the Mordell-Weil group of the elliptic curve X 0 (24) over k contains more than eight points; in this case, there exist infinitely many arithmetic progressions of four squares over k if and only if this group has positive rank. For the specific case of a quadratic number field Q( √ d ) this characterization reduces our problem to the problem of determining the rank of the quadratic d-twists of the underlying elliptic curve.
The above characterization allows us to link our problem with two other problems, both being generalizations of the famous congruent number problem. These problems are related to θ-congruent numbers and Euler's concordant forms. This paper is organized as follows: Section 2 is devoted to construct a parametrization of four term arithmetic progressions of squares over a number field k by k-rational points of the elliptic curve X 0 (24). Here we derive some particular results when k is a quadratic field. In Section 3 we introduce the notion of θ-congruent numbers and state some well-known results for the case when θ is either equal to π/3 or 2π/3, which are the relevant cases with respect to the main problem of this paper. Section 4 deals with Euler's concordant forms. In Section 5
we apply results from the previous sections in order to obtain a partial answer to our problem. Here we also give examples of arithmetic progressions of four squares over Q( √ d ) for all cases |d| ≤ 40 for which such arithmetic progressions do exist. Moreover, we give another construction using pythagorean triples and Thue equations. The last section contains some average results related to our main problem. 
Four squares in arithmetic progression
Therefore, k-rational points of C parametrize arithmetic progressions of four squares over k. Note that the eight points [±1, ±1, ±1, ±1] belong to C, however, these points correspond to constant arithmetic progressions. The next step is to compute an explicit equation for C. In the generic case the intersection of two quadric surfaces in P 3 gives an elliptic curve and, indeed, this will turn out to be true in our case. For this purpose we are going to compute a Weierstrass equation for C. The system of equations (1) is equivalent to a 2 + 2d
A parametrization (up to sign) of the first conic is given by
where the inverse is given by t = 
Our next aim is to find a Weierstrass model for Q. Note that there is only one point at infinity, namely [0 : 1 : 0]. This point is a node. We denote by ∞ 1 and ∞ 2 the two branches at infinity at the desingularization of Q. A Weierstrass model for Q is E : y 2 = x(x + 3)(x − 1), where the isomorphism φ : Q → E is defined by
and
The inverse is defined by
Therefore, by the above construction we have proved Theorem 1. Let k be a field of char(k) = 2, 3, then arithmetic progressions of four squares in k are parametrized by k-rational points of the elliptic curve
This parametrization is as follows:
a−c and define
Then P ∈ E(k).
It is natural to ask for which number fields k there exist arithmetic progressions of four squares over k. In order to investigate this problem we shall make use of the theory of elliptic curves. Proof. Firstly, note that the points [±1, ±1, ±1, ±1] in P 3 (k) give constant arithmetic progressions. Therefore, using the parametrization φ, it follows that the points φ([±1, ±1, ±1, ±1]) belong to E(k), and this set has cardinality 8. This concludes the proof.
As a corollary we obtain
Corollary 1. There is no non-constant arithmetic progression of four rational squares.
This statement is due to Fermat, however, the first proof is attributed to Euler who applied Fermat's method of infinite descent. For the sake of completeness and since some of the data that appear will be useful later, we give the short Proof. Using SAGE [22] or MAGMA [4] , one can check that E is the curve 24A1 in Cremona's tables [5] , resp. 24B in the Antwerp tables [1] . In other words, E is the modular curve X 0 (24). Checking these tables or using one of the above mentioned computer algebra systems, one can prove E(Q) Z/2Z⊕Z/4Z. There are no Q-rational points on E apart from those eight points [±1, ±1, ±1, ±1] which correspond to constant arithmetic progressions.
Next we shall consider the case of quadratic number fields. Here the question translates to study the Mordell-Weil group E(Q( √ d )). However, instead of treating the elliptic curve E over Q( √ d ) directly, we are going to study the quadratic d-twist of the elliptic curve E over Q, i.e., the elliptic curve
It should be noted that E and 
the statement follows from rank E(Q) = 0.
Therefore, the problem to decide for which quadratic fields Q( √ d ) there exist non-constant arithmetic progressions of four squares is reduced to the question whether the rank of E d (Q) is positive or not. In Section 5 we give a partial solution to this problem and for some quadratic number fields we also give explicit four term arithmetic progressions of squares.
For number fields of higher degree we have the following result: Proof. Applying [8, Theorem 6.1] to the elliptic curve E = X 0 (24), we find #E(Q) = 8 > 6. Hence, for infinitely many cyclic cubic extensions K/Q we have rank E(K) > rank E(Q) = 0.
θ-congruent numbers
A positive integer n is called a congruent number if there exists a right triangle with rational sides and area equal to n. The problem to decide whether a given integer is a congruent number has been studied since Diophantus. In 1983, Tunnell [23] found a deterministic criterion for this problem; if the Birch and Swinnerton-Dyer conjecture is true, then his criterion also can be used to determine congruent numbers. The notion of congruent numbers was extended by Fujiwara [9] to rational θ-triangles, that are triangles with rational sides where one angle is equal to θ. Note that for such a triangle, cos θ = s/r for some coprime integers r, s with r > 0. It follows that sin θ = α θ /r, where α θ := √ r 2 − s 2 is uniquely determined by θ. Then θ-congruent numbers are defined as follows:
A positive integer n is a θ-congruent number if there exists a rational θ-triangle whose area is equal to nα θ .
Therefore, π/2-congruent numbers coincide with the ordinary congruent numbers (in which case r = 1 and s = 0). Generalizing the case of ordinary congruent numbers, there is a characterization of θ-congruent numbers in terms of rational points on elliptic curves. [10] ). For θ ∈ [0, π) and n ∈ N, define the elliptic curve
Then, n is a θ-congruent number if and only if there exists a rational point on E n,θ of order greater than 2. Moreover, if n = 1, 2, 3, 6, then n is a θ-congruent number if and only if rank E n,θ (Q) > 0.
Remark. Note that the elliptic curve E n,θ is the n-twist of E 1,θ . Therefore, whenever n = 1, 2, 3, 6, to prove that n is a θ-congruent number is equivalent to show that the rank of the n-twist of the elliptic curve E 1,θ is non-zero. Another interesting remark is that E n,π−θ is the (−n)-twist of E 1,θ .
Several papers [9] , [10] , [13] , [15] , [16] , [26] , [27] have been studying the θ-congruent number problem for θ = π/2. For our purposes the cases θ = π/3 and θ = 2π/3 are of special interest (see Section 5) . In these cases, the curve E 1,π/3 is the curve 24A1 and E 1,2π/3 is the curve 48A1 in Cremona's tables, respectively.
The following table resumes all known results on π/3-congruent and 2π/3-congruent numbers (see [9] , [15] , [16] , [26] , [27] ). Here '?' indicates that in this case we do not know whether n is θ-congruent or not.
Is n a π/3-congruent number? Is n a 2π/3-congruent number? p mod 24 n = p n = 2p n = 3p n = 6p n = p n = 2p n = 3p n = 6p Table 2 Let n be a squarefree positive integer from one of the residue classes 1, 7 or 13 mod 24. Yoshida [26] , [27] proved along the lines of Tunnell's approach to the congruent number problem that n is not a 2π/3-congruent number if the number of representations of n by the ternary quadratic forms [16] . We collect these results on primes in the following theorem; for the other cases we refer to the mentioned papers.
Theorem 4 ([16]
, [26] , [27] ). There is no prime number p ≡ 7, 11, 13 mod 24 which is a 2π/3-congruent number, and there is no prime number p ≡ 5, 7, 19 mod 24 which is a π/3-congruent number where p > 5. On the contrary, any prime p ≡ 23 mod 24 is a θ-congruent number for both θ = π/3 and θ = 2π/3.
A classical conjecture, supported by numerical evidence (based on computations from the 1970s), states that all squarefree positive integers congruent 5, 6 or 7 modulo 8 are congruent numbers. In fact, this conjecture is a direct consequence of the Birch and Swinnerton-Dyer conjecture. Similar to this conjecture the following one covers the cases of π/3-and 2π/3-congruent numbers, respectively.
Conjecture 1. Let n be a squarefree positive integer.
• If n ≡ 11, 13, 17, 23 mod 24, then n is a π/3-congruent number.
• If n ≡ 5, 17, 19, 23 mod 24, then n is a 2π/3-congruent number.
Euler's concordant forms
Another equivalent formulation of the congruent number problem is the following: a positive integer n is a congruent number if and only if the system of diophantine equations
has a solution x, y, z, t ∈ Z with xy = 0. In 1780, Euler [6] gave another generalization of the congruent number problem. He was interested to classify those pairs of distinct non-zero integers M and N for which there exist x, y, z, t ∈ Z with xy = 0 such that
This is known as Euler's concordant forms problem. If the above diophantine system has a solution, then the pair (M, N ) is said to be concordant, otherwise discordant. In the particular case when M = −N this yields the congruent number problem. As for the congruent number problem and its generalization to θ-congruent numbers, there is a characterization due to Ono [20] for Euler's concordant forms problem in terms of rational points of an elliptic curve.
Then, the pair (M, N ) is concordant if and only if there exists a rational point on
Using Waldspurger's results and Shimura's correspondence a la Tunnell, Ono obtained several results on the ranks of twists of E M,N . In particular, if the number of integer representations of an odd positive squarefree integer n by the ternary quadratic forms
is not equal, then (M, N ) = (6n, −18n) is discordant; if the conjecture of Birch and Swinnerton-Dyer is true, then also the converse implication is true. Moreover, for r being an odd integer with 1 ≤ r ≤ 24, he showed that there are infinitely many positive squarefree integers n ≡ r mod 24 such that
• (M, N ) = (9n, −3n) is discordant, where r = 7, 15, 23.
Four squares in arithmetic progressions over quadratic fields
The existence of a non-constant four term arithmetic progression of squares over a quadratic field is determined by the rank of twist of the elliptic curve
Thus, we may use the information of Table 2 to deduce information about the rank of E d (Q) from E d,π/3 and E d,2π/3 , respectively, corresponding to d being positive or negative. This proves the information provided by Table 1 from the introduction. Moreover assuming Conjecture 1 we have that there exists a non-constant arithmetic progression of four squares over Q(
Further, note that for (M,
In these cases we can use Ono's results [20] on the rank of E M,N (Q). 
2 ) say, we obtain an arithmetic progression of four squares over Q( (a 2 + b 2 ) 2 + 8ab(a 2 − b 2 ) ). In order to construct a quadratic number field Q( √ d ), where d is a squarefree integer, we define the Thue equation
Of course, here we are interested in the set of integer solutions. Using MAGMA, we have observed that for |d| < 100 there exist integer solutions in the cases d = −71, −47, −23, 73, all of them being congruent to 1 mod 24. By the above construction this yields the following arithmetic progressions:
It is straightforward to compute that (a 2 + b 2 ) 2 + 8ab(a 2 − b 2 ) ≡ 1 mod 24 for a, b ∈ Z with coprime a, b and a ≡ b mod 2. Therefore, our construction is restricted to the case of number fields Q( √ d ) with d ≡ 1 mod 24. Moreover, all arithmetic progressions discovered by this method satisfy that the difference of any two successive members is divisible by 24.
Average results
We conclude by discussing some average results for the central values of L-functions associated with elliptic curves. Let E be an elliptic curve over Q and denote by L(E, s) its elliptic curve L-function. Roughly speaking, the yet unproved Birch and Swinnerton-Dyer conjecture states that the order of vanishing of L(E, s) at s = 1 is equal to the rank of E. Kolyvagin [17] has shown that if E is a modular elliptic curve with L(E, 1) = 0, then the rank of E is equal to zero. By the proof of Wiles et al. [24] , [2] of the Shimura-Taniyama conjecture any elliptic curve over Q is modular, however, the corresponding statement for quadratic number fields is not known to be true. Note that [3] . Hence, in our special case we may deduce that there exist infinitely many imaginary quadratic fields Q( √ d ) each of which containing infinitely many non-constant arithmetic progressions of four squares subject to the truth of the Birch and SwinnertonDyer conjecture.
L(E(Q(
√ d )), s) = L(E,
